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Facultad de Ciencias – Instituto de ciencias F´ısicas y Matema´ticas
Universidad Austral de Chile, Independencia 631 – Valdivia – Chile.
Abstract
Let D be a simple digraph with eigenvalues z1, z2, ..., zn. The energy of
D is defined as E(D) =
∑n
i=1 |Re(zi)|, is the real part of the eigenvalue zi.
In this paper a lower bound will be obtained for the spectral radius of D,
wich improves some the lower bounds that appear in the literature [10], [25].
This result allows us to obtain an upper bound for the energy of D. Finally,
digraphs are characterized in which this upper bound improves the bounds
given in [10] and [25].
Keywords: Energy of a digraph, upper bound, spectral radius, lower
bound.
1. Introduction and preliminaries
Let D = (V,Γ) denote a digraph of order n, where V = {v1, v2, ..., vn} is
the set of vertices of D with |V | = n, and Γ is the set of arcs consisting of
ordered pairs of distinct vertices. We only consider digraphs with no loops
and no miltiple arcs. Two vertices u and v of D are called adjacent if they
are connected by an arc (u, v) ∈ Γ, or (v, u) ∈ Γ, and doubly adjacent if
(u, v), (v, u) ∈ Γ. For any vertex vi, let ←→Ni = {vj ∈ V : (vi, vj), (vj , vi) ∈ Γ}
denote the vertices doubly adjacents of vi.
A walk pi of length l from vertex u to vertex v is a sequence of vertices
pi : u = u0, u1, ..., ul = v, where (uk−1, uk) is an arc of D for any 1 ≤ k ≤ l.
If u = v then pi is called a closed walk. A digraph D is strongly connected if
for every pair of distinct vertices u, v of D, there exists a walk from u to v
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and a walk from v to u. A strong component of a digraph D is a maximal
subdigraph with respect to the property of being strongly connected.
Denote the number of closed walks of length 2 of associated vertex vi ∈ V
by c
(i)
2 . Note that c
(i)
2 =
∣∣∣←→Ni ∣∣∣ . The sequence (c(1)2 , c(2)2 , ..., c(n)2 ) is called closed
walk sequence of length 2 of D. Thus c2 = c
(1)
2 +c
(2)
2 + · · ·+c(n)2 is the number
of all closed walks of length 2 of D. Denote by t
(i)
2 the sum of the all closed
walks of legth 2 of the vertices doubly adjacente to vi. Then,
t
(i)
2 =
∑
vj∈
←→
Ni
c
(j)
2 ,
A d´ıgraph D = (V,Γ) is symmetric if for any (u, v) ∈ Γ also (v, u) ∈ Γ,
where u, v ∈ V . A one-to-one correspondence between simple graphs and
symmetric digraphs is given by G → ←→G , where ←→G has the same vertex set
as the graph G, and each edge uv of G is replaced by a pair of symmetric
arcs (u, v) and (v, u). Under this correspondence, a graph can be identified
with a symmetric digraph.
The adjacency matrix A of the digraph D is a 01 matrix of order n with
entries aij , such that aij = 1 if (vi, vj) ∈ Γ and aij = 0 otherwise. Denote the
characteristic polynomial of matrixA as ΦD(x) and its eigenvalues z1, z2, ...zn,
possibly complex (see [8], [16].) The spectral radius of a digraphD is denoted
by ρ = ρ(D) and defined as
ρ = max
i=1,...,n
{|zi|},
where |zi| denote the modulus of zi.
Ivan Gutman in [11], introduced the concept of energy for a simple graph
G, as
E(G) =
n∑
i=1
|λi|,
where λ1, λ2, ..., λn are the eigenvalues of the graph G. Details of the theory
of graph energy can be found in the reviews [12],[13] and the book [21]. New
results of this theory appear in [1],[4],[14],[17]. It is well known [7] that if G
is a graph with n vertices then
E(G) =
1
pi
∫ ∞
−∞
(
n− ixΦ
′
G(ix)
ΦG(ix)
)
dx
2
Pen˜a and Rada in [22] showed that for a digraph of n vertices, you have
to
1
pi
∫ ∞
−∞
(
n− ixΦ
′
D(ix)
ΦD(ix)
)
dx =
n∑
i=1
|Re(zi)|,
extending the concept of energy for the case of digraphs as
E(D) =
n∑
i=1
|Re(zi)|,
where z1, ..., zn are the eigenvalues of D and Re(zi) denotes the real part of
zi. For more details about the energy of digraphs, see [2],[6],[8],[9],[10],[19],
[22],[23],[24] and thereferences therein.
In [23], Rada generalizes the McClelland inequality for any digraph D
with n vertices, a arcs and c2 closed walks of length 2.
E(D) ≤
√
n(a+ c2)
2
, (1)
with equality in (1) if and only if D is the direct sum of n
2
copies of
←→
K2. in
order to obtain an upper bound for energy of a digraph, Gudin˜o and Rada in
[10], generalizing the idea in [20], showed that the following relation holds:
E(D) ≤ ρ+
√
(n− 1)(a− ρ2). (2)
Then, using the inequality
c2
n
≤ ρ, see [10], they obtained the upper bound
E(D) ≤ c2
n
+
√
(n− 1)
(
a−
(c2
n
)2)
. (3)
Equality holds in (3) if and only if D is either the empty digraph or D =
←→
G ,
where G is either n
2
K2, Kn, a non-complete connected strongly regular graph
with two non-trivial eigenvalues both with absolute value
√(
a−( c2n )
2
)
(n−1)
.
Tian and Cui in [25], improve the upper bound (3) with the following
result
E(D) ≤
√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2
+
√√√√(n− 1)(a− 1
n
n∑
i=1
(
c
(i)
2
)2)
. (4)
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The equality in (4) holds if and only if D =
←→
G , where G is either n
2
K2, Kn,
a non-complete connected strongly regular graph with two non-trivial eigen-
values both with absolute value
√√√√a−∑ni=1(c(i)2 )2n 
(n−1)
, or nK1.
In this work, motivated by the strategies used in [26] and [25], we get a
lower bound for the spectral radius ρ in terms of n, c
(i)
2 and t
(i)
2 , improving the
known results. Using this result we obtain an upper bound of E(G) in terms
of n,a, c
(i)
2 and t
(i)
2 . In addition, we will show that this bound improving and
generalize the bounds given for graphs and digraphs in [10], [25] and [26].
2. Improving lower bound on the spectral radius of a digraph
Obtaining lower bounds for the spectral radius ρ of a digraph D is essen-
tial to obtain new bounds for E(D), see section 3.
Remark 1. Recall that for an n-by-n matrix A = (aij), its geometric sym-
metrization, denoted by S(A) = (sij), is the matrix with entries sij =
√
aijaji
for any i, j = 1, 2, ..., n.Thus, it is holds that
i.- c
(i)
2 =
n∑
j=1
sij for any vertex vi ∈ V .
ii.-
n∑
i=i
t
(i)
2 =
n∑
i=1
(
c
(i)
2
)2
.
iii.- ρ(A) ≥ ρ(S(A)) =√ρ(S(A2)).
In [10] obtained the following theorem:
Theorem 2 (Gudin˜o and Rada). Let D be a digraph with n vertices and
c2 closed walks of length 2. Then
ρ(D) ≥ c2
n
(5)
Equality holds if and only if
D =
←→
G + {possibly some arcs that do not belong to cycles},
where G is a c2
n
-regular graph.
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In [25], a better lower bound is presented
Theorem 3 (Tian and Cui). Let D digraph with n vertices. Also let c
(1)
2 , c
(2)
2 , ..., c
(n)
2
be the closed walk sequence of length 2 of D. Then
ρ(D) ≥
√√√√∑ni=1 (c(i)2 )2
n
, (6)
whit equality in (6) if only if
D =
←→
G + {possibly some arcs that do not belong to cycles},
where each connected component of G is either an r-regular graph or an
(r1, r2)-semiregular bipartite graph, satisfying r1r2 =
∑n
i=1
(
c
(i)
2
)2
n
.
Now, we give the following lemma which is important for finding improved
lower bound for the spectral radius of D.
Lemma 4. [23] Let D be a digraph with n vertices, a arcs and c2 closed
walks of length 2. If z1, z2, ..., zn are the eigenvalues of D, then
i.-
n∑
i=1
(Re(zi))
2 −
n∑
i=1
(Im(zi))
2 = c2;
ii.-
n∑
i=1
(Re(zi))
2 +
n∑
i=1
(Im(zi))
2 ≤ a.
A first main result in this work is the following
Theorem 5. Let D digraph with n vertices, with sequences c
(1)
2 , c
(2)
2 , ..., c
(n)
2
and t
(1)
2 , t
(2)
2 , ..., t
(n)
2 . Then
ρ(D) ≥
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 , (7)
whit equality in (7) if only if
D =
←→
G + {possibly some arcs that do not belong to cycles},
where each connected component of G is either an r-regular graph or an
(r1, r2)-semiregular bipartite graph, satisfying r1r2 =
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 .
Proof. for the Rayleigh quotient
√
ρ(S(A)2) =
√
maxx 6=0
xTS(A)2x
xTx
≥
√
cTS(A)2c
cT c
=
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 , (8)
where c = (c
(1)
2 , c
(2)
2 , ..., c
(n)
2 )
T . Thus, we obtain (7). To prove equality, we
will use the ideas used in the works [25], [15], [10],[5]. Indeed, suppose now
that the equality in (7) holds, then
ρ(S(A)2) =
cTS(A)2c
cT c
,
then c is a positive eigenvector of S(A)2 corresponding to the eigenvalue
ρ(S(A)2), either one or two. Next we consider three cases.
Case 1: D is strongly connected.
A is a irreducible matrix in this case. If A > S(A), then ρ(A) >
ρ(S(A)) as A is irreducible (see [3], Corollary 2.1.5), this contradicts
our assumption of equality. Therefore we have that A is a symmetric
matrix, which implies thatD =
←→
G . In this case G is a connected simple
graph. Then, similar to the proofs in ([15], Theorem 3.1), one can
easily obtain that G is either an r-regular graph or (r1, r2)-semiregular
bipartite graph, satisfying r2 = r1r2 =
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 .
Case 2: D is direct sum of its disjoint strongly connected componentsD1, D2, ..., Ds.
Let Ak be the nk-by-nk adjacency matrix of Dk and
∑s
k=1 nk = n. In
this case
A2 =

A21
A22
. . .
A2s
 ,
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where the rest of the unspecified entries are 0. Since the equality holds
in (7), we have
√
ρ(S(A)2) =
√
max
x 6=0
xTS(A)2x
xTx
=
√
cTS(A)2c
cT c
=
√√√√ s∑
k=1
cTnkS(Ak)
2cnk
nk
nk
cTnkcnk
≤
√√√√ s∑
k=1
nkρ (S(Ak)2)
n
≤
√
max
k
ρ(S(Ak)2)
= max
k
√
ρ(S(Ak)2) =
√
ρ(S(A)2)
=
√
ρ(A)2
which implies that, for every k = 1, 2, ..., s,
ρ(A) =
√
ρ(A2) =
√
ρ(A2k) =
√
ρ(S(A2k)) =
√√√√ s∑
k=1
cTnkS(A
2
k)cnk
nk
Then, from Case (1) each Dk =
←→
Gk, where each connected component
Gk is either an r-regular graph or (r1, r2)-semiregular bipartite graph,
satisfying r2 = r1r2 =
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 .
Case 3: D̂ is a digraph obtained from D by deleting those arcs of D that do
not belong to any cycle.
Then S(A) = S(A(D̂)), where A(D̂) is the adjacency matrix of D̂.
Clearly, D and D̂ have the same cycle structure. By Theorem 1.2 in
[8], we have that ΦD(x) = ΦD̂(x), which implies that D and D̂ also
have the same eigenvalues. On the other hand, since D̂ is direct sum of
its some disjoint strongly connected components, then Case (2) implies
that D̂ =
←→
G and each connected component of G is either an r-regular
graph or an (r1, r2)-semiregular bipartite graph, satisfying r
2 = r1r2 =∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 . Hence,D =←→G+{possibly some arcs that do not belong to cycles}.
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Conversely, suppose thatD =
←→
G+{possibly some arcs that do not belong to cycles},
where each connected component of G is either an r-regular graph or an
(r1, r2)-semiregular bipartite graph, satisfying r
2 = r1r2 =
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 . It is
easy to check that the equality in (7) holds.
The result given in [26] is here re-obtained considering D =
←→
G .
Corollary 6. Let G be a nonempty graph with degree sequence d1, d2, , dn
and 2-degree sequence t1, t2, , tn. Then
λ1(G) ≥
√∑n
i=1 t
2
i∑n
i=1 d
2
i
,
with equality if and only if G is a pseudo-regular graph or a pseudo-semiregular
bipartite graph.
The following remark allows us to prove that the bound given in (7) is better
than the bound (6) given in [25] and consequently better than the bound
given in [10].
Remark 7. Note that√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2
≤
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 .
Proof. In efect, by Cauchy-Schwarz inequality, we have(
n∑
i=1
t
(i)
2
)2
≤ n
n∑
i=1
(
t
(i)
2
)2
.
Using this inequality and Remark 1 (part ii),√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 ≥
√√√√√√
(∑n
i=1 t
(i)
2
)2
n
∑n
i=1
(
c
(i)
2
)2 =
√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2
.
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3. An upper bound for the energy of a digraph
In this section, using the strategies given in articles [5],[25] and [26], we
will construct a lower bound for the energy of digraph D, using the result
obtained in 5.
Theorem 8. Let D digraph with n vertices, a arcs, with sequences c
(1)
2 , c
(2)
2 , ..., c
(n)
2
and t
(1)
2 , t
(2)
2 , ..., t
(n)
2 . Then
E(D) ≤
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 +
√√√√√√(n− 1)
a−
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
. (9)
The equality in (9) holds if and only if D =
←→
G , where G is either n
2
K2, Kn,
a non-complete connected strongly regular graph with two non-trivial eigen-
values both with absolute value
√√√√a−∑ni=1(t(i)2 )2∑n
i=1(c
(i)
2 )
2


(n−1)
, or nK1.
Proof. Let ρ = z1, z2, ..., zn be the eigenvalues of the digraph D such that
Re(z1) ≥ Re(z2) ≥ · · · ≥ Re(zn). By Lemma 4 (part (ii)), we have
n∑
i=2
(Re(zi))
2 ≤ a− ρ2, (10)
where a is the number of arcs. Using (10) together with the Cauchy-Schwartz
inequality, we obtain the inequality
n∑
i=2
|Re(zi)| ≤
√√√√(n− 1) n∑
i=2
(Re(zi))
2 ≤
√
(n− 1)(a− ρ2).
Thus, we must have
E(D) ≤ ρ+
√
(n− 1)(a− ρ2). (11)
Now, consider the function f(x) = x +
√
(n− 1)(a− x2), x ∈ [0,√a]. It is
easy to see that the function f(x) increases strictly on the interval
[
0,
√
a
n
]
and decreases strictly on
[√
a
n
,
√
a
]
. At this point, we have to analyze two
cases:
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Case 1. a ≤ n
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
Then by Theorem 5 and inequality (10), we have
√
a
n
≤
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 ≤ ρ ≤ √a.
Thus f(ρ) ≤ f
(√∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
)
, because f is decreasing in
[√
a
n
,
√
a
]
.
This implies that the inequality (9) holds. On the other hand, if the
equality in (9) holds, then
ρ =
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 ,
later by theorem 5, we have that
D =
←→
G + {possibly some arcs that do not belong to cycles},
where each connected component of G is either an r-regular graph or
an (r1, r2)-semiregular bipartite graph, satisfying r1r2 =
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 .
Noting that c2 ≤ a. By Theorem 2.1 in [27], we obtain
E(D) = E(G) ≤
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 +
√√√√√√(n− 1)
c2 −
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2

≤
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 +
√√√√√√(n− 1)
a−
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
 = E(D),
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which implies c2 = a, this way we have to
E(D) =
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 +
√√√√√√(n− 1)
c2 −
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
.
Using the Theorem 2.1 in [27], we obtain the conditions of equality.
Case 2: a > n
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 .
Using Remark 7, we have
0 ≤
√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2
≤
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 ≤√an.
Therefore, we have to f
√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2 ≤ f

√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
 ,
because, f is increasing in
[
0,
√
a
n
]
. Then by Theorem 2 in [5] the
inequality (9) holds.
Assume now that equality holds in (9), then we have that
E(D) = f
√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2 = f

√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
 ,
Thus, the characteristics of D are obtained from the conditions of the
Theorem 2 in [5]
The result given in [27] is here re-obtained considering D =
←→
G .
Corollary 9. Let G be a nonempty graph with n vertices, m edges, degree
sequence d1, d2, , dn and 2-degree sequence t1, t2, , tn. Then
E(G) ≤
√∑n
i=1 t
2
i∑n
i=1 d
2
i
+
√
(n− 1)
(
2m−
∑n
i=1 t
2
i∑n
i=1 d
2
i
)
.
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Equality holds if and only if one of the following statements holds:
(1) G ∼= n2K2;
(2) G ∼= Kn;
(3) G is a non-bipartite connected p seudo-regular graph with three distinct
eigenvalues
(
p,
√
2m−p2
n−1
,−
√
2m−p2
n−1
)
, where p >
√
m
n
.
Remark 10. Consider the collection of digraphs of n vertices, a arcs and c2
walks of length 2 denoted and defined by:
Γ = {D : an < (c2)2}.
Si D ∈ Γ, then
√
a
n
≤ c2
n
≤
√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2
≤
√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2 ≤ ρ ≤ √a.
Since the function f is strictly decreasing on the interval
[√
a
n
,
√
a
]
, we have
that:
E(D) ≤ f(ρ) ≤ f

√√√√√√
∑n
i=1
(
t
(i)
2
)2
∑n
i=1
(
c
(i)
2
)2
 ≤ f
√√√√ 1
n
n∑
i=1
(
c
(i)
2
)2 ≤ f (c2
n
)
In this way, we can affirm that for all G ∈ Γ, the bound given in (9) is
better than the bound (4) given in [25] and consequently better than the bound
(3) given in [10].
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